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In ‘entropic cosmology’, instead of a cosmological constant Λ, an extra driving term is added to
the Friedmann equation and the acceleration equation, taking into account the entropy and the
temperature on the horizon of the universe. By means of the modified Friedmann and acceleration
equations, we examine a non-adiabatic-like accelerated expansion of the universe in entropic cosmol-
ogy. In this study, we consider a homogeneous, isotropic, and spatially flat universe, focusing on the
single-fluid (single-component) dominated universe at late-times. To examine the properties of the
late universe, we solve the modified Friedmann and acceleration equations, neglecting high-order
corrections for the early universe. We derive the continuity (conservation) equation from the first
law of thermodynamics, assuming non-adiabatic expansion caused by the entropy and temperature
on the horizon. Using the continuity equation, we formulate the generalized Friedmann and acceler-
ation equations, and propose a simple model. Through the luminosity distance, it is demonstrated
that the simple model agrees well with both the observed accelerated expansion of the universe and
a fine-tuned standard ΛCDM (lambda cold dark matter) model. However, we find that the increase
of the entropy for the simple model is likely uniform, while the increase of the entropy for the stan-
dard ΛCDM model tends to be gradually slow especially after the present time. In other words, the
simple model predicts that the present time is not a special time, unlike for the prediction of the
standard ΛCDM model.
PACS numbers: 98.80.-k, 98.80.Es, 95.30.Tg
I. INTRODUCTION
Numerous cosmological observations have implied a
new paradigm for the cosmic expansion history, i.e., an
accelerated expansion of the universe [1–14]. To explain
the accelerated expansion, an additional energy compo-
nent called ‘dark energy’ is usually added to both the
Friedmann equation and the Friedmann–Lemaˆıtre accel-
eration equation, where general relativity is assumed to
be correct. In particular, ΛCDM models, which assume
cold dark matter (CDM) and a cosmological constant Λ,
have been suggested as an elegant description of accel-
erated expansion [15–21]. (For other models, see Refs.
[17, 21–23] and references therein.)
Recently, Easson, Frampton, and Smoot [24, 25] have
proposed that an extra driving term should be added to
the Friedmann–Lemaˆıtre acceleration equation. The ad-
ditional entropic-force term can explain the accelerated
expansion of the late universe [24] and the inflation of the
early universe [25], without introducing new fields [26].
In the entopic-force scenario, called ‘entropic cosmology’,
the additional driving term is derived from the usually
neglected surface terms on the horizon of the universe
in the gravitational action, assuming that the horizon
has an entropy and a temperature [24]. (In fact, the
entropy and temperature are related to the Bekenstein
entropy [27] and the Hawking temperature [28] of black
∗E-mail: komatsu@t.kanazawa-u.ac.jp
holes on an event horizon.) Since then, many researchers
have extensively examined entropic cosmology from var-
ious viewpoints [26, 29–36]. (The possibility that the
entropic force on the horizon can explain the accelerat-
ing universe [24] should be distinguished from the idea
that gravity itself is an entropic force [37, 38].)
In entropic cosmology, since the entropy on the horizon
is assumed, the entropy can increase during the evolution
of the universe. Therefore, it is possible to consider that
the evolution of the universe is a kind of non-adiabatic
process, unlike in standard cosmology, in which an adi-
abatic (isentropic) expansion is assumed. Nevertheless,
such a non-adiabatic-like expansion of the universe has
not yet been extensively investigated in entropic cosmol-
ogy and has been considered in only a few studies [29–33].
Therefore, it is important to examine the non-adiabatic-
like (hereafter non-adiabatic) process, to acquire a deeper
understanding of entropic cosmology, especially from a
thermodynamics viewpoint. Also, after the discovery of
black hole thermodynamics [27, 28], the entropy of the
universe was examined by many researchers [39–45]. In
particular, since the late 1990s, the entropy of the uni-
verse has been extensively discussed in a universe under-
going accelerated expansion [46–55]. However, evolution
of the entropy has not been studied in entropic cosmol-
ogy, although entropy plays an important role.
In this context, we examine a non-adiabatic expansion
of the universe and discuss the evolution of the entropy
in entropic cosmology. For this purpose, we derive the
continuity (conservation) equation from the first law of
thermodynamics, taking into account the non-adiabatic
2process caused by the entropy and the temperature on
the horizon. If the modified Friedmann and Friedmann–
Lemaˆıtre acceleration equations are used, the continuity
equation can be derived from the two equations without
using the first law of thermodynamics. This is because
two of the three equations are independent [19]. However,
in this study, we derive the continuity equation from the
first law of thermodynamics, since the first law is the
fundamental conservation law. Using the obtained conti-
nuity equation, we formulate the generalized Friedmann
and Friedmann–Lemaˆıtre acceleration equations. In ad-
dition, we propose a simple model based on the formula-
tion. It should be noted that we do not discuss entropic
inflation [25, 30] in the early universe, since we focus on
the late universe [24, 56] to examine the fundamental
properties of the universe in entropic cosmology.
The present paper is organized as follows. In Sec. II,
we give a brief review of the two modified Friedmann
equations in entropic cosmology. In this section, we ex-
amine the properties of the single-fluid dominated uni-
verse. In Sec. III, we derive the modified continuity
equation from the first law of thermodynamics, assum-
ing a non-adiabatic expansion of the universe. We also
discuss generalized formulations of entropic cosmology
and propose a simple model. In Sec. IV, we compare
the simple model with the observed supernova data and
several ΛCDM models. Finally, in Sec. V, we present
our conclusions.
II. MODIFIED FRIEDMANN EQUATIONS
Koivisto et al. [26] have summarized two modified
Friedmann equations to examine the entropic cosmology
proposed by Easson et al. [24, 25]. In this study, we
employ the two modified Friedmann equations. We do
not derive the two modified Friedmann equations in the
present paper, since the theoretical derivation has been
described in Refs. [24, 25]. In Sec. II A, we first give
a brief review of the two modified Friedmann equations.
In Secs. II B and IIC, we examine the solutions and the
properties of the single-fluid dominated universe in en-
tropic cosmology.
A. Two modified Friedmann equations with
additional driving terms for entropic cosmology
We consider a homogeneous, isotropic, and spatially
flat universe, and examine the scale factor a(t) at time
t in the Friedmann–Lemaˆıtre–Robertson–Walker metric.
In entropic cosmology, the two modified Friedmann equa-
tions [26] are summarized as
(
a˙(t)
a(t)
)2
= H(t)2 =
8piG
3
ρ(t) + α1H(t)
2 + α2H˙(t), (1)
and
a¨(t)
a(t)
= H˙(t) +H(t)2
= −4piG
3
(1 + 3w)ρ(t) + β1H(t)
2 + β2H˙(t), (2)
where the Hubble parameter H(t) is defined by
H(t) ≡ da/dt
a(t)
=
a˙(t)
a(t)
. (3)
G and ρ(t) are the gravitational constant and the mass
density of cosmological fluids, respectively. Note that we
neglect high-order terms for quantum corrections, since
we focus on the late universe. In Eq. (2), w represents
the equation of state parameter for a generic component
of matter, which is given as
w =
p(t)
ρ(t)c2
, (4)
where c and p(t) are the speed of light and the pres-
sure of cosmological fluids. For non-relativistic matter
(or the matter-dominated universe) and relativistic mat-
ter (or the radiation-dominated universe), w is 0 and
1/3, respectively. In Eqs. (1) and (2), the four coeffi-
cients α1, α2, β1, and β2 are dimensionless constants [26].
The H2- and H˙-terms with the dimensionless constants
correspond to the additional driving terms, which take
into account the entropy and temperature on the hori-
zon of the universe due to the information holographi-
cally stored there [24]. In this study, Eqs. (1) and (2) are
called the modified Friedmann equation and the modi-
fied (Friedmann–Lemaˆıtre) acceleration equation, respec-
tively. [Equation (1) corresponds to energy conservation.]
Easson et al. [24] have derived the modified accel-
eration equation, i.e., Eq. (2). In their paper, the di-
mensionless constants were expected to be bounded by
3
2pi . β1 6 1 and 0 6 β2 .
3
4pi . Typical values for a bet-
ter fitting were β1 =
3
2pi and β2 =
3
4pi [24]. It was argued
that the extrinsic curvature at the surface was likely to
result in something like α1 = β1 =
3
2pi and α2 = β2 =
3
4pi
[25, 26]. Of course, it is difficult to derive four unknown
dimensionless constants from first principles.
We now examine the two modified Friedmann equa-
tions. Coupling [(1 + 3w)× Eq. (1)] with [2× Eq. (2)]
and rearranging, we obtain
H˙ = −3(1 + w)− α1(1 + 3w)− 2β1
2− α2(1 + 3w)− 2β2 H
2. (5)
The above equation can be rewritten as
H˙ =
dH
dt
= −C1H2, (6)
where
C1 =
3(1 + w)− α1(1 + 3w)− 2β1
2− α2(1 + 3w)− 2β2 . (7)
3From Eq. (6), (dH/da)a is calculated as(
dH
da
)
a =
(
dH
dt
)
dt
da
a = (−C1H2)a
a˙
= −C1H2 1
H
= −C1H. (8)
Accordingly, Eq. (8) is arranged as
dH
dN
= −C1H, (9)
where N is defined by
N ≡ ln a and therefore dN = da
a
. (10)
As discussed in Ref. [26], the two modified Friedmann
equations can be arranged as a simple equation, Eq. (9).
In the next subsection, we solve Eq. (9), assuming a
single-fluid dominated universe.
B. Solutions for the modified Friedmann equations
in the single-fluid dominated universe
We can solve Eq. (9) analytically, when C1 is constant.
In fact, as shown in Eq. (7), C1 is constant when αi, βi,
and w are constant values. (Here αi represents α1 and
α2 and βi represents β1 and β2.) Therefore, to solve Eq.
(9), we assume that αi and βi are constant. In addition,
for a constant w, we assume the single-fluid dominated
universe. Concretely speaking, w is 0 and 1/3 for the
matter- and radiation-dominated universes, respectively.
When C1 is constant, Eq. (9) can be integrated as∫
dH
H
= −
∫
C1dN. (11)
This solution is given by
lnH = −C1N +D′ = −C1 ln a+D′, (12)
and therefore we find
H = Da−C1 , (13)
whereD′ and D are integral constants. Dividing Eq. (13)
by H0 = Da
−C1
0 , we have
H
H0
=
(
a
a0
)−C1
, (14)
where H0 and a0 are the present values of the Hubble
parameter and the scale factor. We obtain the above
simple solution, since we assume the single-fluid domi-
nated universe and neglect high-order terms for quantum
corrections.
Equation (14) indicates that C1 is an important pa-
rameter for discussing the universe in the present en-
tropic cosmology. We can determine C1 from Eq. (7).
For example, if αi = βi = 0, then C1 for the radiation-
dominated universe (w = 1/3) is C1,r = 2, while C1 for
the matter-dominated universe (w = 0) is C1,m = 3/2.
When αi = βi = 0, the two modified Friedmann equa-
tions are the standard Friedmann and acceleration equa-
tions, respectively [17–21]. Accordingly, Eq. (14) for
C1,r = 2 and C1,m = 3/2 agrees with the standard for-
mula for the radiation- and matter-dominated universes,
respectively. Note that the universe for C1 = C1,Λ = 0
corresponds to the Λ-dominated universe, as discussed
later.
C. Properties of the single-fluid dominated
universe in entropic cosmology
To observe the properties of the single-fluid dominated
universe, we examine three properties: the scale factor
(in Sec. II C 1), the luminosity distance (in Sec. II C 2),
and the entropy on the Hubble horizon (in Sec. II C 3).
In this subsection, we consider C1 as a non-negative free
parameter.
1. Scale factor a
The first important property we examine is the scale
factor a(t). To this end, Eq. (14) is arranged as
H˜ = a˜−C1 , (15)
where H˜ and a˜ are defined by
H˜ ≡ H
H0
and a˜ ≡ a
a0
. (16)
Multiplying Eq. (15) by a˜, we obtain
H˜a˜ =
1
H0
da˜
dt
= a˜−C1+1, (17)
where H˜a˜ is calculated as
H˜a˜ =
H
H0
a
a0
=
a˙/a
H0
a
a0
=
a˙
H0a0
=
a0
d
dt
(
a
a0
)
H0a0
=
1
H0
da˜
dt
. (18)
Integrating Eq. (17) and replacing a˜ by a/a0, we finally
have
a
a0
=
{
(C1H0t)
1
C1 (C1 6= 0),
exp[H0(t− t0)] (C1 = 0),
(19)
where t0 represents the present time. Note that the inte-
gral constants are calculated from a˜ = 1 at t = t0, where
t0 is set to be 1/(C1H0). Typical results are given by
a
a0
=


√
2H0t (C1 = C1,r = 2),
(3
2
H0t)
2/3 (C1 = C1,m = 3/2),
exp[H0(t− t0)] (C1 = C1,Λ = 0).
(20)
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FIG. 1: (Color online). Time evolution of normalized scale
factor a/a0 for single-fluid dominated universe with various
C1. The horizontal axis is normalized as H0(t− t0) [19]. The
lines for C1 = 2, 1.5, 1, and 0 are equivalent to those for
the radiation-, matter-, empty-, and Λ-dominated universes,
respectively. The universe for C1 = 0.5 is different from the
above standard single-component universes.
When αi = βi = 0, the above three results correspond
to the scale factor for the radiation-, matter-, and Λ-
dominated universes, respectively [19].
Now we consider C1 as a non-negative free parameter,
to observe the properties of the single-fluid dominated
universe. Time evolutions of the normalized scale factor
a/a0 with various C1 are plotted in Fig. 1. The results
for C1 = 2, 1.5, 1, and 0 are consistent with those for
the radiation-, matter-, empty-, and Λ-dominated uni-
verses, respectively. (Entropic-force terms become more
dominant as C1 decreases.)
As shown in Fig. 1, for H0(t− t0) > 0, the increase of
the scale factor tends to be faster as C1 decreases. That
is, at late times, the expansion of the universe increases
with decreasing C1. In fact, an accelerated expanding
universe is observed when C1 < 1, e.g., C1 = 0.5 and 0.
We can confirm the accelerated expansion from the ‘de-
celeration parameter’, which is used to discuss the expan-
sion of the universe [17–21]. The deceleration parameter
is defined by
q0 ≡ −
(
a¨
aH2
)
t=t0
. (21)
Substituting Eq. (6) into Eq. (2), we have
a¨
a
= H˙ +H2 = −C1H2 +H2 = (1− C1)H2, (22)
and arranging this gives
a¨
aH2
= 1− C1. (23)
Accordingly, substituting Eq. (23) into Eq. (21), the de-
celeration parameter is given as
q0 = C1 − 1. (24)
Note that we do not assume the single-fluid dominated
universe to calculate q0 shown in Eq. (24). From Eq. (24),
we find that q0 is negative when C1 < 1. The negative
deceleration corresponds to the acceleration. That is,
when C1 < 1, the accelerating universe can be mimicked
by entropic-force terms. Note that Eq. (24) is different
from q0 for ΛCDM models [17], which we will discuss in
Sec. IV.
As mentioned previously, we assumed the single-fluid
dominated universe to calculate the scale factor. How-
ever, the universe for C1 = 0.5 is different from the so-
called single-component universe, such as the radiation-,
matter-, empty-, and Λ-dominated universes appearing
in the standard cosmology [17–21]. This is because, in
entropic cosmology, the entropic-force terms affect the
properties of the universe.
2. Luminosity distance dL
The luminosity distance obtained from the observation
data has been widely used to study the accelerated ex-
pansion of the universe. Therefore, we examine the lumi-
nosity distance dL of the single-fluid dominated universe
in entropic cosmology. The luminosity distance [20] is
given as
dL(z) =
c(1 + z)
H0
∫ 1+z
1
dy
F (y)
, (25)
where the integrating variable y and the function F (y)
are given by
y =
a0
a
, (26)
and
F (y) =
H
H0
, (27)
and z is the redshift defined by
1 + z ≡ y = a0
a
. (28)
Substituting Eq. (14) into Eq. (27), and using y =
a0/a, we obtain F (y) as
F (y) =
H
H0
=
(
a
a0
)−C1
=
(a0
a
)C1
= yC1. (29)
Substituting Eq. (29) into Eq. (25), and integrating, we
have
(
H0
c
)
dL =
{
1+z
C1−1
[
1− (1 + z)−C1+1] (C1 6= 1),
(1 + z) ln(1 + z) (C1 = 1),
(30)
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FIG. 2: (Color online). Dependence of luminosity distance
dL on redshift z for single-fluid dominated universe with var-
ious C1. The vertical axis is normalized as log10[(H0/c)dL].
where C1 = 1 corresponds to the empty-dominated uni-
verse [19]. Typical results are given by
(
H0
c
)
dL =


z (C1 = C1,r = 2),
2(1 + z)
[
1− 1√
1+z
]
(C1 = C1,m = 3/2),
(1 + z)z (C1 = C1,Λ = 0).
(31)
The luminosity distance for various C1 is shown in Fig.
2, where C1 is considered as a non-negative free param-
eter. As shown in Fig. 2, the luminosity distance in-
creases with decreasing C1, especially in higher z regions.
This indicates that an accelerated expanding universe ap-
pears when C1 is small. In fact, the lines for C1 < 1,
e.g., C1 = 0.5 and 0, correspond to the accelerating uni-
verse, as discussed in Sec. II C 1. For example, the line
for C1 = 0 is equivalent to the luminosity distance for
the Λ-dominated universe. On the other hand, as non-
accelerating universes, the lines for C1 = 2, 1.5, and 1
are consistent with those for the radiation-, matter-, and
empty-dominated universes, respectively. It is clearly
shown that C1 affects the properties of the single-fluid
dominated universe in the present entropic cosmology. In
Sec. IV, we will discuss the luminosity distance including
the observed supernova data and ΛCDM models.
3. Entropy S on the Hubble horizon
In entropic cosmology, we assume that the Hubble
horizon has an associated entropy [24]. Therefore, as
the third property, we examine the entropy on the Hub-
ble horizon. The Hubble horizon (radius) rH and the
entropy S on the Hubble horizon are given as
rH =
c
H
, (32)
and
S =
kBc
3
~G
AH
4
, (33)
where kB , ~, and AH are the Boltzmann constant, the re-
duced Planck constant, and the surface area of the sphere
with the Hubble radius rH , respectively [24]. The re-
duced Planck constant is defined by ~ ≡ h/(2pi), where
h is the Planck constant.
Substituting AH = 4pir
2
H into Eq. (33), and using rH =
c/H shown in Eq. (32), we obtain the entropy as
S =
kBc
3
~G
AH
4
=
kBc
3
~G
4pir2H
4
=
kBc
3
~G
pi
( c
H
)2
=
(
pikBc
5
~G
)
1
H2
= K
1
H2
, (34)
where K is a positive constant given by
K =
pikBc
5
~G
. (35)
For example, the entropy on the Hubble horizon can be
evaluated as [24, 57]:
S ∼ (2.6± 0.3)× 10122kB. (36)
The entropy on the Hubble horizon is far larger than
the total of the other entropies of the matter within the
horizon [57].
Multiplying Eq. (34) by H20 and substituting Eq. (14)
into this, we have
H20S = K
H20
H2
= K
(
a
a0
)2C1
, (37)
where the single-fluid dominated universe is assumed
since Eq. (14) is employed. Substituting Eq. (19) into
Eq. (37) and rearranging, we obtain the entropy S on
the Hubble horizon:(
H20
K
)
S =
{
(C1H0t)
2 (C1 6= 0),
1 (C1 = 0).
(38)
To observe the entropy, we consider C1 as a non-
negative free parameter. The time evolution of the en-
tropy S on the Hubble horizon for various C1 is plotted
in Fig. 3. The entropy S for C1 = 0 does not depend on
time. We can confirm this from both Fig. 3 and Eq. (38).
This is because S depends on H as shown in Eq. (34),
and the Hubble parameter H is constant when C1 = 0.
(When C1 = 0, Eq. (6) indicates a constant H because
dH/dt = 0.) In contrast, the entropy S increases with
time for C1 6= 0. The increase of entropy is likely con-
sistent with the second law of thermodynamics. In Sec.
IV, we will discuss the entropy S on the Hubble horizon,
including ΛCDM models. (Strictly speaking, the other
entropies should be taken into account, to examine the
generalized second law of thermodynamics as studied in
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FIG. 3: (Color online). Time evolution of entropy S on
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0/K)S.
Refs [48–50]. In the present paper, we do not discuss the
generalized second law.)
We now examine the influence of C1 on the entropy.
To this end, we observe the dependence of the entropy
S on the normalized scale factor a/a0, which is given by
Eq. (37). In Fig. 4, C1 is varied from 0 to 0.25 with steps
of 0.05, while C1 is varied from 0.5 to 2 with steps of 0.5.
As shown in Fig. 4, the entropy rapidly increases with
decreasing C1, especially for small a/a0, e.g., a/a0 < 0.1,
corresponding to early times. (Note that we focus on
the late universe in this study.) In contrast, for larger
a/a0 corresponding to late times, e.g., a/a0 > 1, the en-
tropy increases slowly as C1 decreases. In fact, we have
observed that the expansion of the universe further ac-
celerates as C1 decreases, as shown in Eq. (24) and in
Figs. 1 and 2. Therefore, at late times, the entropy in-
creases slowly as C1 decreases (or as the entropic-force
terms are further dominant), while the expansion of the
universe accelerates. We can expect the above relation-
ship between the entropy and the expansion, because
S = K/H2 = K/(a˙/a)2, which is obtained from Eqs.
(34) and (3).
In this section, we have employed the two modified
Friedmann equations [26] to study the universe in en-
tropic cosmology. We have solved the equations and ex-
amined the properties of the single-fluid dominated uni-
verse. Through the parameter C1 related to entropic-
force terms, we can summarize the properties of the uni-
verse systematically. The universe with a specific C1
(e.g., C1 = 2, 1.5, 1, and 0) is consistent with the single-
component universe appearing in the standard cosmol-
ogy.
III. FORMULATIONS OF NON-ADIABATIC
EXPANSION OF THE UNIVERSE
In the previous section, we examined the properties
of the universe described by the modified Friedmann and
acceleration equations. In this section, we consider a non-
adiabatic-like expansion process caused by an entropy
and a temperature on the Hubble horizon. In Sec. III A,
we derive the continuity equation from the first law of
thermodynamics, assuming non-adiabatic expansion of
the universe. In Sec. III B, using the continuity equation,
we formulate the generalized Friedmann and acceleration
equations, and propose a simple model.
It should be noted that several researchers have dis-
cussed similar modified continuity equations for entropic
cosmology. For example, Cai et al. derived the improved
continuity equation from the first law of thermodynamics
using double holographic screens [29, 30], while Qiu et al.
[31] and Casadio et al. [32] derived the modified conti-
nuity equation from the modified Friedmann and accel-
eration equations. Danielsson [33] examined the sourced
acceleration equation using extra source terms, and dis-
cussed the modified continuity equation.
A. Modified continuity equation from the first law
of thermodynamics for non-adiabatic expansion
In this subsection, we derive the modified continuity
equation from the first law of thermodynamics, assuming
non-adiabatic expansion of the universe caused by the
entropy and temperature on the Hubble horizon. To this
end, we first review the continuity equation, according to
the textbook by Ryden [19].
From the first law of thermodynamics, the heat flow
dQ across a region is given by
dQ = dE + pdV, (39)
7where dE and dV are changes in the internal energy E
and volume V of the region, respectively. This equation
can be rewritten as
dQ =
dQ
dt
dt =
dE + pdV
dt
dt = (E˙ + pV˙ )dt. (40)
Let us consider a sphere of co-moving radius rˆs expand-
ing along with the universal expansion so that its proper
radius rs(t) is given by
rs(t) = a(t)rˆs. (41)
The volume V (t) of the sphere is
V (t) =
4pi
3
rs(t)
3 =
4pi
3
rˆ3sa(t)
3, (42)
and therefore, the rate of change of the sphere’s volume
is given as
V˙ =
4pi
3
rˆ3s(3a
2a˙) = V
(
3
a˙
a
)
. (43)
The internal energy E(t) of the sphere is given by
E(t) = ε(t)V (t), (44)
where the internal energy-density ε(t) is
ε(t) = ρ(t)c2. (45)
Differentiating Eq. (44) with respect to t, and substitut-
ing Eq. (43) into this equation, the rate of change of the
sphere’s internal energy is given as
E˙ = ε˙V + εV˙ =
(
ε˙+ 3
a˙
a
ε
)
V. (46)
Substituting Eqs. (43) and (46) into E˙ + pV˙ , and using
Eq. (45), we calculate E˙ + pV˙ as
E˙ + pV˙ =
(
ε˙+ 3
a˙
a
ε
)
V + pV
(
3
a˙
a
)
=
(
ε˙+ 3
a˙
a
ε+ 3
a˙
a
p
)
V =
[
ε˙+ 3
a˙
a
(ε+ p)
]
V
=
[
ρ˙+ 3
a˙
a
(
ρ+
p
c2
)]
c2V. (47)
Finally, substituting Eqs. (42) and (47) into Eq. (40), we
obtain the first law of thermodynamics in an expanding
(or contracting) universe:
dQ = dE + pdV = (E˙ + pV˙ )dt
=
[
ρ˙+ 3
a˙
a
(
ρ+
p
c2
)]
c2V dt
=
[
ρ˙+ 3
a˙
a
(
ρ+
p
c2
)]
c2
(
4pi
3
r3s
)
dt. (48)
If we assume adiabatic (and isentropic) processes, then
dQ is 0: that is, dQ = TdS = 0, where S and T represent
the entropy and the temperature. In this case, we obtain
the continuity equation for the adiabatic (isentropic) pro-
cess: ρ˙+ 3(a˙/a)(ρ+ p/c2) = 0.
However, in this paper, we examine the universe in
entropic cosmology. That is, the horizon is assumed to
have an entropy and a temperature, and therefore, the
entropy on the horizon can increase during evolution of
the universe. In summary, we assume a non-adiabatic
process given by
dQ = TdS 6= 0. (49)
To calculate TdS, we employ the Hubble radius as
the preferred screen, since the apparent horizon coincides
with the Hubble radius in the spatially flat universe [24].
The Hubble radius rH is given as
rH =
c
H
and therefore r˙H = −HH˙
c2
r3H . (50)
We assume that the Hubble horizon has an associated
entropy S and an approximate temperature T [24]. The
entropy shown in Eq. (33) is written as
S =
kBc
3
~G
AH
4
, (51)
and the temperature is given by
T =
~H
2pikB
× γ = ~
2pikB
c
rH
γ. (52)
We emphasize that the temperature considered here is
obtained from multiplying the so-called horizon tempera-
ture, ~H/(2pikB), by γ. In this study, γ is a non-negative
free parameter and is of the order of O(1), typically
γ ∼ 3
2pi or
1
2
. In fact, γ corresponds to a parameter for
the screen temperature discussed in Refs. [29–31]. Cai
et al. proposed that cosmological observations constrain
the undetermined coefficient [29, 30]. (Easson et al. sug-
gested a similar modified coefficient for the temperature
[24].)
The temperature on the horizon can be evaluated as
T =
~H
2pikB
×O(1) ∼ 10−30[K]. (53)
The temperature is lower than the temperature of our
cosmic microwave background (CMB) radiation [29],
TCMB = 2.73[K]. Accordingly, strictly speaking, the
universe considered here is in thermal non-equilibrium
states. In the present paper, we assume a non-adiabatic
expansion in thermal equilibrium states, using a single
holographic screen [24, 25]. (Thermal equilibrium states
in entropic cosmology have been previously discussed us-
ing double holographic screens [29, 30].)
From Eqs. (51) and (52), we calculate TdS as
TdS = T × kBc
3
4~G
dAH
dt
dt = T × kBc
3
4~G
(8pirH r˙H)dt
=
~
2pikB
c
rH
γ × kBc
3
4~G
8pirH r˙Hdt = γ
c4
G
r˙Hdt, (54)
8where dAH/dt is d(4pir
2
H)/dt = 8pirH r˙H . The first law
of thermodynamics can be written as
dQ = dE + pdV = TdS. (55)
Therefore, substituting Eqs. (48) and (54) into Eq. (55),
we have[
ρ˙+ 3
a˙
a
(
ρ+
p
c2
)]
c2
(
4pi
3
r3H
)
dt = γ
c4
G
r˙Hdt, (56)
where the proper radius rs shown in Eq. (48) is replaced
by the Hubble radius rH . Arranging the above equation
and substituting Eq. (50) into the equation, we obtain
ρ˙+ 3
a˙
a
(
ρ+
p
c2
)
= γ
3c2
4piG
r˙H
r3H
= γ
3c2
4piG
(
−HH˙c2 r3H
)
r3H
= −γ
(
3
4piG
HH˙
)
. (57)
This is the modified continuity equation derived from the
first law of thermodynamics, assuming non-adiabatic ex-
pansion of the universe. The right-hand side of Eq. (57)
is related to the non-adiabatic process. If H˙ is 0 or if H
is constant, Eq. (57) is the continuity equation for adia-
batic (isentropic) processes. We will discuss this in the
next subsection. (A similar improved continuity equa-
tion for entropic cosmology has been examined in Refs.
[29, 30]. Note that we have derived the modified con-
tinuity equation from the first law of thermodynamics,
neglecting the entropy for high-order corrections.)
As shown in Eq. (57), the modified continuity equation
has the so-called non-zero term on the right-hand side,
as if it were a non-adiabatic process. Therefore, in the
present paper, we call this the non-adiabatic process. (As
discussed later, the non-zero term can be cancelled in
appearance.) In fact, it has been known that a similar
non-zero term is included in the continuity equation for
other cosmological models. Accordingly, we introduce
two typical models in the following.
The first model is ‘bulk viscous cosmology’, in which a
bulk viscosity of cosmological fluids is assumed [41, 58–
77]. Because of the bulk viscosity, a similar non-zero term
is included in the continuity equation. (For bulk viscous
cosmology, see, e.g., the work of Barrow [61].) Usually,
the only bulk viscosity can generate a classical entropy
in homogeneous and isotropic cosmologies. However, in
this study, we assume an entropy on the horizon of the
universe, instead of the classical entropy. Therefore, in
Appendix A, we discuss similarities and differences be-
tween bulk viscous cosmology and entropic cosmology.
The second model is ‘energy exchange cosmology’, in
which the transfer of energy between two fluids is as-
sumed [78]; e.g., the interaction between matter and
radiation [79, 80], matter creation [81, 82], interacting
quintessence [83, 84], the interaction between dark en-
ergy and dark matter [85, 86], dynamical vacuum en-
ergy [87–93], etc.. In energy exchange cosmology, two
continuity equations have a similar non-zero term on
each right-hand side. Note that the two non-zero right-
hand sides are totally cancelled, since the total energy
of the two fluids is conserved. For example, using
a dynamical vacuum term Λ(t) [89–93], the continuity
equations for matter ‘m’ and vacuum energy ‘Λ’ should
be arranged as ρ˙m + 3(a˙/a)(ρm + pm/c
2) = −Λ˙ and
ρ˙Λ +3(a˙/a)(ρΛ + pΛ/c
2) = Λ˙, respectively. The continu-
ity equation for matter is equivalent to Eq. (57), if Λ(t)
is given by Λ = σH2 [88], where σ is a positive constant.
However, in entropic cosmology, we do not assume a sec-
ond fluid appearing in energy exchange cosmology. This
is because, in entropic cosmology, an effective continuity
(conservation) equation can be obtained from an effec-
tive description of the equation of state [94], without us-
ing a second fluid. In this sense, the effective description
is likely similar to (single-fluid) bulk viscous cosmology
rather than energy exchange cosmology, since an effective
pressure is employed in bulk viscous cosmology, as shown
in Appendix A. That is, it is possible to obtain an effec-
tive continuity (conservation) equation in appearance, if
we employ such an effective description. For example,
when the effective pressure is given by p′ = p + γc
2
4piGH˙ ,
Eq. (57) is arranged as ρ˙ + 3(a˙/a)(ρ + p′/c2) = 0. In
Appendix B, we discuss the effective description for en-
tropic cosmology. Of course, the non-zero right-hand side
of Eq. (57) may be interpreted as the interchange of en-
ergy between the bulk (the universe) and the boundary
(the horizon of the universe) [94], as if it were energy
exchange cosmology. Therefore, it is important to exam-
ine a relationship between entropic cosmology and energy
exchange cosmology in more detail. We leave this for the
future research.
In the above discussion, we consider γ shown in Eq.
(57) as a free parameter for the temperature. However,
parameters for the entropy, such as Tsallis’ entropic pa-
rameter, may be required for calculating TdS. This is
because nonextensive entropy, e.g., Tsallis’ entropy [95]
or Renyi’s entropy [96], has been suggested for gener-
alized entropy of self-gravitating systems and has been
extensively examined from astrophysical viewpoints [97–
109]. Therefore, not only γ but another parameter for
the entropy may be required for the modified continuity
equation.
B. Generalized formulations and the simple model
We have three modified equations, i.e., the modified
Friedmann and acceleration equations [Eqs. (1) and (2)]
and the modified continuity equation [Eq. (57)]. Two of
the three equations are independent [19]. In this sub-
section, using the modified continuity equation, we for-
mulate the generalized Friedmann and acceleration equa-
tions. For this purpose, we select the modified Friedmann
equation, Eq. (1), and the modified continuity equation,
Eq. (57), as independent equations. This is because the
two equations are related to the conservation law. (The
9modified Friedmann equation corresponds to energy con-
servation.)
As the two independent equations, the generalized
Friedmann equation is given by(
a˙
a
)2
=
8piG
3
ρ+ f(t), (58)
and the modified continuity equation is written as
ρ˙+ 3
a˙
a
(
ρ+
p
c2
)
= −γ
(
3
4piG
HH˙
)
. (59)
Here, f(t) in Eq. (58) is a general function related
to entropic-force terms including high-order corrections.
Danielsson has examined a similar acceleration equation
using an extra source term [33]. (An additional term
corresponding to f(t) is not included in the Friedmann
equation for bulk viscous cosmology. See Appendix A.)
We now derive the generalized acceleration equation
from Eqs. (58) and (59). To this end, multiplying Eq.
(58) by a2, we have
a˙2 =
8piG
3
ρa2 + fa2. (60)
Differentiating this equation with respect to t gives
2a˙a¨ =
8piG
3
(ρ˙a2 + 2ρaa˙) + f˙a2 + 2faa˙. (61)
Dividing Eq. (61) by 2aa˙ gives
a¨
a
=
4piG
3
(ρ˙
a
a˙
+ 2ρ) +
1
2
f˙
a
a˙
+ f. (62)
Multiplying Eq. (59) by a/a˙ (= 1/H) and arranging, we
have
ρ˙
a
a˙
= −3
(
ρ+
p
c2
)
− γ
(
3
4piG
HH˙
)
1
H
= −3(1 + w)ρ − γ
(
3
4piG
H˙
)
, (63)
where w is p/(ρc2) as shown in Eq. (4). Accordingly,
substituting Eq. (63) into Eq. (62), and using a˙/a = H ,
we obtain
a¨
a
=
4piG
3
[
−3(1 + w)ρ− γ
(
3
4piG
H˙
)
+ 2ρ
]
+
1
2
f˙
a
a˙
+ f
= −4piG
3
(1 + 3w)ρ+
(
f +
1
2
f˙
H
− γH˙
)
. (64)
Equation (64) is the generalized acceleration equation,
which is derived from Eqs. (58) and (59).
Before proceeding further, in this paragraph, we dis-
cuss a spatially non-flat (k 6= 0) universe, where k is
a curvature constant. To this end, we add −kc2/a2 to
the right-hand side of the generalized Friedmann equa-
tion, Eq. (58), as described in Appendix A of Ref. [24].
In the spatially non-flat universe, the apparent horizon,
rA = c/
√
H2 + (k/a2), does not coincide with the Hub-
ble horizon, rH = c/H , because of k 6= 0. Accordingly,
we employ the apparent horizon as the preferred screen
rather than the Hubble horizon [24]. Consequently, H˙ on
the right-hand sides of Eqs. (59) and (64) should be re-
placed by H˙−(k/a2). In other words, the modified conti-
nuity equation and the generalized acceleration equation
should include a curvature term. Of course, it was argued
that the extrinsic curvature at the surface was likely to
result in something like α1 = β1 =
3
2pi and α2 = β2 =
3
4pi
[25, 26]. Note that we consider a spatially flat (k = 0)
universe in the present study.
Next, we discuss a simple model. For this purpose,
we consider only H2-terms as entropic-force terms of the
generalized Friedmann equation. That is, f(t) in Eq. (58)
is set to be
f(t) = B × γH2, (65)
where B is a constant. (We consider onlyH2-terms, since
H˙-terms of the modified Friedmann equation are 0. The
details are summarized in Appendix B.) Substituting Eq.
(65) into Eq. (64), we have
a¨
a
= −4piG
3
(1 + 3w)ρ+BγH2 +
1
2
d(BγH2)/dt
H
− γH˙
= −4piG
3
(1 + 3w)ρ+BγH2 + (B − 1)γH˙. (66)
In fact, Easson et al. first proposed that the entropic-
force terms are H2 or 3
2piH
2, i.e., H˙-terms are not in-
cluded in the entropic-force terms [24]. Accordingly, we
determine B so that the H˙-term in Eq. (66) is cancelled.
In other words, for the simple model, we select B as
B = 1 and therefore f(t) = γH2. (67)
In this case, we can obtain the simple self-consistent
equations. The simple modified Friedmann, acceleration,
and continuity equations are summarized as
(
a˙
a
)2
=
8piG
3
ρ+ γH2, (68)
a¨
a
= −4piG
3
(1 + 3w)ρ+ γH2, (69)
ρ˙+ 3
a˙
a
(1 + w)ρ = −γ
(
3
4piG
HH˙
)
. (70)
The entropic-force term γH2 in Eq. (68) is the same as
the term in Eq. (69). The above two modified Friedmann
equations, i.e., Eqs. (68) and (69), correspond to Eqs.
(1) and (2) for α1 = β1 = γ and α2 = β2 = 0. (α1 =
β1 satisfies the constraint β1 − α1 = 0.02 ± 0.08, as is
concluded in Ref. [26].) Therefore, we can easily calculate
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the properties of the single-fluid dominated universe, as
examined in Sec. II C.
In the present study, we do not assume a cosmologi-
cal constant Λ and dark energy, since additional driving
terms can be derived from the entropic-force on the Hub-
ble horizon. However, if γH2 is fixed as a constant Λ/3,
the above three equations are equivalent to ΛCDM mod-
els [17]. (The right-hand side of Eq. (70) is 0 when γH2 is
constant, because d(γH2)/dt = 2γHH˙ = 0.) For exam-
ple, if we consider the matter-dominated universe with
w = 0 for α1 = β1 = γ = 1 and α2 = β2 = 0, then C1
is 0 from Eq. (7). The universe for C1 = 0 corresponds
to the Λ-dominated universe in the standard cosmology
[17–21].
In this section, we have derived the modified continuity
equation from the first law of thermodynamics, assuming
a non-adiabatic expansion of the universe. Using the ob-
tained continuity equation, we have formulated the gen-
eralized Friedmann and acceleration equations, i.e., Eqs.
(58) and (64). Moreover, as a possible model, we have
proposed the simple model given by Eqs. (68), (69), and
(70). We will discuss the properties of the simple model
in the next section. Note that Cai et al. [29, 30], Qiu et
al. [31], Casadio et al. [32], and Danielsson [33] have dis-
cussed similar modified continuity equations. The above
obtained equations are related to their works.
IV. EVOLUTION OF THE LATE UNIVERSE IN
THE SIMPLE MODEL
In this section, we examine evolution of the late uni-
verse using the simple model given by Eqs. (68), (69),
and (70). To this end, we first examine the luminosity
distance dL because, through dL, we can easily compare
the simple model not only with ΛCDM models but also
with the observed supernova data.
For the present simple model, we consider the matter-
dominated universe since, in entropic cosmology, we do
not assume the cosmological constant and dark energy.
(The influence of radiation is extremely small in the late
universe, as discussed later.) The matter-dominated uni-
verse is given by
w = 0. (71)
In the simple model, the four parameters shown in Eqs.
(1) and (2), i.e., α1, α2, β1, and β2, are set to be
α1 = β1 = γ (72)
and
α2 = β2 = 0, (73)
where γ is assumed to be
γ =
3
2pi
or
1
2
. (74)
Substituting the above equations into Eq. (7), C1 is cal-
culated as
C1 =
{
3
2
(1 − 3
2pi ) = 0.7838· · · (γ = 32pi ),
3
4
= 0.75 (γ = 1
2
).
(75)
From Eq. (30), we can calculate the luminosity distance
dL for the simple model. Of course, we accept that γ
should be a free parameter. However, we determine γ
as shown in Eq. (74). (The coefficient 3/(2pi) was an-
ticipated from the surface term order, while the coeffi-
cient 1/2 was expected from the Hawking temperature
description, as described in Ref. [24].) In fact, the prop-
erties of the universe for γ = 3/(2pi) are almost the same
as the properties for γ = 1/2, since the difference of C1
between γ = 3/(2pi) and 1/2 is small, as shown by Eq.
(75). Therefore, for the present simple model, we will
observe the properties of the universe for γ = 1/2, i.e.,
C1 = 3/4.
For ΛCDM models, the luminosity distance of the spa-
tially flat universe is given as(
H0
c
)
dL = (1 + z)
∫ z
0
dz′[(1 + z′)2(1 + Ωmz
′)
− z′(2 + z′)ΩΛ]−1/2, (76)
where Ωm =
ρm
ρc
= 8piGρm
3H2
0
and ΩΛ =
Λ
3H2
0
[16]. Ωm and
ΩΛ represent the density parameters for the matter and
the cosmological constant, respectively. ρc represents the
critical density, while ρm is the density for matter which
includes baryon and dark matter. For the flat universe,
Ωtotal is given as Ωtotal = Ωm + ΩΛ = 1. Here, we ne-
glect the density parameter Ωr for the radiation, since
Ωr is extremely small, e.g., 10
−4 ∼ 10−5 [19]. As typical
universes, (Ωm,ΩΛ) is set to be (1, 0), (0.27, 0.73), and
(0, 1). Note that the notation is simplified as Ωm = 1,
Ωm = 0.27, and Ωm = 0. The universes for Ωm = 1
and 0 correspond to the matter- and Λ-dominated uni-
verses, respectively. That is, the universes for Ωm = 1
and 0 are equivalent to the universes for C1 = 1.5 and
0, as discussed in the previous section. The universe for
(Ωm,ΩΛ) = (0.27, 0.73) is a fine-tuned standard ΛCDM
model, which takes into account the recent WMAP best
fit values [14]. We numerically calculate dL for the stan-
dard ΛCDM model, since we can not analytically solve
Eq. (76), except for special cases [16].
Figure 5 shows the luminosity distance dL for the
present simple model, supernova data points, and sev-
eral ΛCDM models. We find that the simple model
agrees well with supernova data points and the fine-tuned
standard ΛCDM model, i.e., (Ωm,ΩΛ) = (0.27, 0.73). It
is successfully demonstrated that the simple model can
mimic the present accelerating universe without adding
the cosmological constant and dark energy. In entropic
cosmology, at least, it is possible to discuss why γ has
such a value, unlike for the ΛCDM model. For example,
γ may be estimated from a derivation of surface terms
or the Hawking temperature description [24]. Note that
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FIG. 5: (Color online). Dependence of luminosity distance
dL on redshift z. The closed diamonds with error bars are
supernova data points taken from Refs. [6, 7]. The closed
circles represent the present simple model. The parameters
are w = 0, α1 = β1 = γ = 1/2, and α2 = β2 = 0, i.e.,
C1 = 3/4. For clarity, the present model is plotted as closed
circles. The three solid lines represent the ΛCDM model for
(Ωm,ΩΛ) = (1, 0), (0.27, 0.73), and (0, 1). The solid lines for
Ωm = 1 and Ωm = 0 are equivalent to lines for C1 = 1.5
and C1 = 0. Note that (Ωm, ΩΛ) is replaced by Ωm. For
supernova data points, c and H0 are set to be 3.0×10
5 [km/s]
and 70 [km/s/Mpc] [14], respectively.
Easson et al. have suggested an alternate acceleration
equation for a better fitting, where the entropic-force
term is 3
2piH
2 + 3
4pi H˙ [24]. In fact, we have confirmed
that the present simple model is better than the alter-
nate acceleration equation, i.e., the present model agrees
well with the standard ΛCDM model, compared with the
alternate acceleration equation suggested in Ref. [24].
Next, we examine the entropy on the Hubble horizon,
using the present simple model and ΛCDM models. The
entropy S for the simple model is calculated from Eq.
(38) with C1 = 3/4 for γ = 1/2, while S for the ΛCDM
model is calculated from S = K/H2 as shown in Eq. (34).
Since the entropies for Ωm = 1 and 0 are equivalent to
the entropies for C1 = 1.5 and 0, we can calculate them
analytically. On the other hand, we numerically compute
the entropy for the fine-tuned standard ΛCDM model,
i.e., (Ωm,ΩΛ) = (0.27, 0.73). For the standard ΛCDM
model, we employ the following equation [19]:
H0t =
∫ a
0
da√
Ωr
a2 +
Ωm
a +ΩΛa
2 + (1− Ωtotal)
. (77)
We first integrate Eq. (77) numerically, to obtain time
evolution of the scale factor a. The Hubble parameter
H is numerically calculated from H = a˙/a. Therefore,
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FIG. 6: (Color online). Time evolution of entropy S on Hub-
ble horizon. The vertical and horizontal axes are normalized
as (H20/K)S and H0(t− t0), respectively. For details, see the
caption of Fig. 5.
we can obtain the entropy S = K/H2 for the standard
ΛCDM model. In the present study, we assume a spa-
tially flat universe, i.e., Ωtotal = 1, and neglect the influ-
ence of radiation, i.e., Ωr = 0.
Now, we observe the time evolution of the entropy S
on the Hubble horizon. As shown in Fig. 6, the en-
tropies for both the simple model and the fine-tuned stan-
dard ΛCDM model increase with time until the present
time, H(t − t0) ≤ 0. In this sense, the simple model
is similar to the fine-tuned standard ΛCDM model, i.e.,
(Ωm,ΩΛ) = (0.27, 0.73). However, we can observe the
difference between them clearly. For example, the in-
crease of the entropy for the simple model is likely uni-
form, even after the present time, i.e., H(t − t0) > 0.
In contrast, the increase of the entropy for the standard
ΛCDM model tends to become gradually slower, espe-
cially after the present time, as if the present time were
a special time. This is because the cosmological con-
stant Λ is very dominant in the standard ΛCDM model.
To examine the entropy more closely, we focus on the
rate of the change of the entropy. As shown in Fig. 6,
d2S/dt2 for the simple model is always positive, while
d2S/dt2 for the standard ΛCDM model is negative ex-
cept for the early stage. From Eq. (38), we can confirm
a positive d2S/dt2 for the present simple model, because
d2S/dt2 = 2KC21 > 0 for C1 6= 0, where K is a positive
constant given by Eq. (35).
As discussed above, the increase in entropy for the
present simple model is uniform, while that for the fine-
tuned standard ΛCDM model becomes gradually slower,
especially after the present time. In other words, the
standard ΛCDM model implies that the present time is
a special time. In fact, the entropy of the accelerated
expanding universe has been extensively discussed from
various viewpoints [46–55]. Many of the earlier works
suggest that the increase of the entropy tends to become
gradually slower, especially after the present time, be-
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cause of the standard ΛCDM model. However, the sim-
ple model considered here predicts that the present time
is not a special time, unlike for the prediction of the stan-
dard ΛCDM model. [We have confirmed that the scale
factor a for the simple model increases uniformly even af-
ter the present time, while a for the fine-tuned standard
ΛCDM model increases rapidly after the present time.
(The figure is not shown.) This result is consistent with
the result for the entropy shown in Fig. 6. This is be-
cause S is calculated from K/H2 [= K/(a˙/a)2], as shown
in Eq. (34).]
Finally, we examine the deceleration parameter q0.
We can calculate q0 for the present simple model as
q0 = −0.25, by substituting C1 = 3/4 into q0 = C1 − 1
shown in Eq. (24). On the other hand, q0 for the stan-
dard ΛCDM model can be calculated as q0 ≈ −0.6, from
q0 = (Ωm − 2ΩΛ + 2Ωr)/2 [17], where (Ωm,ΩΛ,Ωr) is
set to be (0.27, 0.73, 0). Therefore, at the present time,
the acceleration for the simple model is slower than that
for the standard ΛCDM model. This is because the den-
sity parameter ΩΛ for the cosmological constant is dom-
inant in the standard ΛCDM model. In contrast, in the
simple model, we assume the matter-dominated universe
in entropic cosmology, without adding the cosmological
constant and dark energy.
V. CONCLUSIONS
We have examined non-adiabatic expansion of the late
universe and discussed the evolution of the entropy on
the Hubble horizon, to study entropic cosmology from
a thermodynamics viewpoint. For this purpose, we have
employed the two modified Friedmann equations, i.e., the
modified Friedmann equation and the modified acceler-
ation equation. First of all, based on the two equations
for entropic cosmology, we have examined the properties
of the single-fluid dominated universe, neglecting high-
order terms for quantum corrections. Consequently, we
can systematically summarize the properties of the late
universe, through a parameter C1 related to entropic-
force terms. It is found that, at late times, the entropy
on the Hubble horizon increases slowly with decreasing
C1 (or as the influence of entropic-force terms increases),
while the expansion of the universe accelerates.
We have also derived the continuity equation from the
first law of thermodynamics, assuming non-adiabatic ex-
pansion of the universe. Using the obtained continuity
equation, we have formulated the generalized Friedmann
and acceleration equations, and have proposed a simple
model as a possible model. Through the luminosity dis-
tance, it is successfully shown that the simple model can
explain the present accelerating universe and agrees well
with both the supernova data and the fine-tuned stan-
dard ΛCDM model. On the other hand, the increase of
the entropy for the simple model is uniform, although the
increase of the entropy for the standard ΛCDM model is
gradually slow especially after the present time. In other
words, the simple model implies that the present time is
not a special time, unlike for the prediction of the stan-
dard ΛCDM model. We find that the present simple
model predicts another future which is different from the
standard ΛCDM model.
The present study has revealed the fundamental prop-
erties of the non-adiabatic expanding universe in en-
tropic cosmology. As one of several possible scenarios,
the generalized formulation and the simple model con-
sidered here will help in understanding the accelerating
expanding universe. Of course, it is difficult to deter-
mine γ related to the temperature on the Hubble hori-
zon. However, at least in principle, it is possible to dis-
cuss the accelerating universe quantitatively, by means of
the present entropic cosmology. Further discussions and
observation data will be required to examine the present
and future of the universe.
The modified continuity equation examined here has
the so-called non-zero term on the right-hand side.
Therefore, through the present paper, we call this the
non-adiabatic process. If we employ an effective descrip-
tion similar to bulk viscous cosmology, the non-zero term
on the right-hand side can be cancelled in appearance.
Alternatively, the non-zero term may be interpreted as
the interchange of energy between the bulk (the universe)
and the boundary (the horizon of the universe). Accord-
ingly, it will be necessary to study entropic cosmology
from various viewpoints.
Appendix A: Bulk viscous cosmology
In the present study, we consider a homogeneous and
isotropic universe, and assume an entropy on the horizon
of the universe for entropic cosmology. However, usually,
an only bulk viscosity can generate an entropy in the
homogeneous and isotropic universe. Such a cosmological
model is called as ‘bulk viscous cosmology’ and has been
extensively investigated [41, 58–77]. In this appendix, we
discuss similarities and differences between bulk viscous
cosmology and entropic cosmology.
In bulk viscous cosmology, a bulk viscosity of cosmo-
logical fluids is assumed, and an effective pressure p′ is
given by
p′ = p− 3Hη, (A1)
where η is the bulk viscosity [61, 70]. The continuity
equation is
ρ˙+ 3
a˙
a
(
ρ+
p′
c2
)
= 0. (A2)
Substituting Eq. (A1) into Eq. (A2) and arranging, we
have
ρ˙+ 3
a˙
a
(
ρ+
p
c2
)
=
9H2η
c2
. (A3)
Equation (A3) is similar to Eq. (57), because of a non-
zero right-hand side. The right-hand side of Eq. (A3) is
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related to a classical entropy generated by bulk viscous
stresses. On the other hand, in entropic cosmology, we
assume an entropy (and a temperature) on the horizon
of the universe, instead of the classical entropy. Accord-
ingly, the right-hand side of Eq. (57) is related to the
entropy on the horizon, unlike in bulk viscous cosmol-
ogy. In fact, Davies [41] and Barrow [61] have suggested
a total entropy, i.e., the sum of the entropy on the hori-
zon and the classical entropy generated by the bulk vis-
cous stresses, to discuss the generalized second law of
event horizon thermodynamics. That is, in the present
entropic cosmology, we focus on the entropy on the hori-
zon, neglecting the classical entropy discussed above.
We now examine the Friedmann equation. In bulk
viscous cosmology, the Friedmann equation [61] is given
by (
a˙
a
)2
=
8piG
3
ρ. (A4)
Equation (A4) does not include an additional term such
as a cosmological constant. On the other hand, in en-
tropic cosmology, the Friedmann and acceleration equa-
tions have additional driving terms, which are derived
from the usually neglected surface terms on the horizon.
However, an additional term appears in the acceleration
equation for bulk viscous cosmology. For example, the
acceleration equation can be arranged as
a¨
a
= −4piG
3
(
ρ+ 3
p′
c2
)
= −4piG
3
(
ρ+ 3
p
c2
)
+
12piGHη
c2
, (A5)
where the last term, 12piGHη/c2, corresponds to the ad-
ditional driving term. The additional term can explain
the accelerated expansion of the universe.
Appendix B: Dimensionless constants and an
effective description for entropic cosmology
Entropic-force terms of the modified Friedmann and
acceleration equations include four dimensionless con-
stants α1, α2, β1, and β2. In this appendix, we determine
the dimensionless constants and examine an effective de-
scription for entropic cosmology. To this end, we first
derive the modified continuity equation from the modi-
fied Friedmann and acceleration equations, although we
have already derived the modified continuity equation
from the first law of thermodynamics. This is because
we can determine most of the dimensionless constants
using the two continuity equations.
The modified Friedmann and acceleration equations,
i.e., Eqs. (1) and (2), can be written as(
a˙(t)
a(t)
)2
=
8piG
3
ρ(t) + α1H(t)
2 + α2H˙(t)
=
8piG
3
ρ(t) + f(t), (B1)
and
a¨(t)
a(t)
= −4piG
3
(1 + 3w)ρ(t) + β1H(t)
2 + β2H˙(t)
= −4piG
3
(1 + 3w)ρ(t) + g(t), (B2)
where f(t) and g(t) are given by
f(t) = α1H(t)
2 + α2H˙(t), (B3)
and
g(t) = β1H(t)
2 + β2H˙(t). (B4)
The four coefficients α1, α2, β1, and β2 are dimensionless
constants. Equation (B1) is the same formulation as Eq.
(58). Therefore, as shown in Eq. (62), arranging Eq. (B1)
gives
a¨
a
=
4piG
3
(ρ˙
a
a˙
+ 2ρ) +
1
2
f˙
a
a˙
+ f. (B5)
Substituting Eq. (B5) into Eq. (B2), and arranging this
using H = a˙/a, we have
ρ˙+ 3
a˙
a
(1 + w)ρ =
3
4piG
H
(
−f − f˙
2H
+ g
)
. (B6)
When f and g are general functions, Eq. (B6) represents
the generalized continuity equation. However, in this ap-
pendix, f and g are given by Eqs. (B3) and (B4), respec-
tively. Differentiating Eq. (B3) with respect to t gives
f˙ = 2α1HH˙ + α2H¨. (B7)
Accordingly, substituting Eqs. (B3), (B4), and (B7) into
Eq. (B6), we obtain
ρ˙+ 3
a˙
a
(1 + w)ρ
=
3
4piG
[
(−α1 − α2 + β2)HH˙ + (−α1 + β1)H3 − α2
2
H¨
]
.
(B8)
Equation (B8) is the modified continuity equation de-
rived from the modified Friedmann and acceleration
equations.
We now determine the dimensionless constants as
many as possible. For this purpose, we compare Eq. (B8)
with the modified continuity equation derived from the
first law of thermodynamics, i.e., Eq. (70):
ρ˙+ 3
a˙
a
(1 + w)ρ = −γ
(
3
4piG
HH˙
)
. (B9)
The two modified continuity equations, i.e., Eqs. (B8)
and (B9), must be consistent with each other. Therefore,
three dimensionless constants can be determined when
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HH˙ , H3, and H¨ are not 0. The three constants in Eqs.
(B1) and (B2) are given by
α2 = 0, (B10)
β1 = α1, (B11)
β2 = α1 − γ. (B12)
Note that α1 and γ should be determined from a differ-
ent viewpoint, as mentioned previously. Consequently,
the modified self-consistent equations (i.e., the modified
Friedmann, acceleration, and continuity equations) are
summarized as (
a˙
a
)2
=
8piG
3
ρ+ α1H
2, (B13)
a¨
a
= −4piG
3
(1 + 3w)ρ+ α1H
2 + (α1 − γ)H˙, (B14)
ρ˙+ 3
a˙
a
(1 + w)ρ = −γ
(
3
4piG
HH˙
)
. (B15)
Entropic-force terms of the modified Friedmann equation
are only H2-terms, as shown in Eq. (B13).
In the present study, we have selected α1 = β1 = γ and
α2 = β2 = 0, to set up a simple model. We can confirm
that the selection is consistent with Eqs. (B10), (B11),
and (B12). Of course, the simple model is consistent with
Eqs. (B13), (B14), and (B15), since γ is selected as α1. If
Eqs. (B1) and (B2) are used for the modified Friedmann
and acceleration equations, we can propose the above
self-consistent equations to examine a non-adiabatic ex-
pansion of the late universe in entropic cosmology.
Finally, we examine an effective description for en-
tropic cosmology discussed in Sec. III A. This is because
it is possible to obtain an effective continuity (conser-
vation) equation, when we employ an effective pressure
similar to bulk viscous cosmology. In this study, the ef-
fective pressure is given by
p′ = p+
γc2
4piG
H˙, (B16)
and the equation of state parameter w′ for the effective
description is
w′ =
p′
ρc2
, (B17)
where w′ is different from w = p/(ρc2) of Eq. (4). We
can arrange Eqs. (B14) and (B15), using Eqs. (B16) and
(B17). As a result, the self-consistent equations based on
the effective description are summarized as
(
a˙
a
)2
=
8piG
3
ρ+ α1H
2, (B18)
a¨
a
= −4piG
3
(1 + 3w′)ρ+ α1H
2 + α1H˙, (B19)
ρ˙+ 3
a˙
a
(1 + w′)ρ = 0. (B20)
As shown in Eqs. (B19) and (B20), the effective descrip-
tion helps to simplify the formulas of entropic cosmology.
In particular, as shown in Eq. (B20), the so-called non-
zero term on the right-hand side of Eq. (B15) is cancelled
in appearance. Therefore, Eq. (B20) may be suitable for
discussing the continuity equation. However, through the
present paper, we employ Eq. (B15), to make the non-
zero term clear. [It should be noted that not only Eq.
(B15) but also Eq. (B20) is different from the continuity
(conservation) equation discussed by Easson et al. [24].
Similarly, our dimensionless constants determined in this
study are expected to be different from their suggested
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